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Elliptic BVP with stochastic data

Given:
e probability space (€2, %, P) on data space X (D) C L>*(D), V C HY(D),
e random diffusion coefficient a(x,w) € L*(2,dP; X (D)),

e deterministic source term f e H-'(D) = (H}(D)) =:V/,

(sBVP) Find u(z,w) € L?2(2,dP; V) = L?(Q2,dP; H}(D)) such that

E [/D a(z, )Veulz,-) Vev(z, )da:] =E [/D f(x)v(x, )d:c]
for all v € L?(Q2,dP; V)
a € L>(2,dP; X (D)) and amaz > a(-,+) > amin > 0 = JFlu € L?(Q,dP; H3(D)).
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Karhunen-Loeéeve expansion

- separation of deterministic and stochastic variables -

Example 1 (Karhunen-Loeéve)
If a € L2(2,dP; L>*(D)) then in L?(Q2,dP; L?(D)),

a(z,w) =E[a](z) + D (@) Yn(w) =Ela](@) + Y vV Anpm()Vin(w),

m>1 m>1
e (\m, pm)m>1 €igensequence of (cpt., s.a.) covariance operator

Cla] : L?(D) — L?2(D) (Cla]v)(z) := /DCa(a:,zU’)v(a:")dac/ Vv € L?(D),

Co = E[(a — Ela]) ® (a — E[a])]

Vi (w) -= \/%/D(a(a:,w) CEla](x))om(z)dz : Q2 — T CR m=1,2, ..
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Parametric Deterministic BVP

a(z,w) = E[a](x) + ) ¢i(2)Yj(w) ~ a(z,y) :=Elal () + > _4;(@)y;,

Jj=>1 Jj=>1
y=(y1,42,...) €U = (1,1, P(dw) = p(dy) = p(y)dy = X) p; (y;)dy;
Jj=>1

parametric deterministic form of (sBVP) on U:

Find w € L?(U,V,dp) s.t. B(u,v) = F(v) Yve L*(U,V,dp),

B = [ ( [ a(x,yWu(:c,y)-w:c,y)da:) (). F() = [ ( [ f(:v)v(:v,y)dw> o(dy)



SsGFEM

F:. set of all sequences v = (v;);>1 Oof nonnegative integers such that only
finitely many v; are non-zero.

Notation:

V| = Zujz ]| e, I/!:Hl/j!, velF.

j=>1 Jj=>1
Tensorized (L?(—1,1;1/2dx)-normalized) Legendre polynomials:
L,(y) = H ij(yj)-
=1
Proposition 2:
Assume Y; ~U(—-1,1), i.e. p;j(dy;) = p;(dy;) = 1/2dy;, p 1= Q> 1i(dy;).

Then

e (L,),cr is a complete orthonormal system in L2(U, u(dy)).



e ecach v € L?(U,V,du) has a representation

v = ZvyLy, where v, = /Uv(-,y)Lu(y)du(y) eV
veF

and there holds Parseval’'s equation

ol 2@wviawy = I loullv) ).



SsGFEM

For any finite subset A C F, define

XA = {oa(z,y) = Zv,,(a:)L,,(y) v, e VC LU, V) C L2(U,V,du)
veEN

where {L,},cr is the basis of Legendre polynomials.

Galerkin approximation: un = ) .y uvL, € Xp S.t.
upn € XpAo  such that B(u/\,v/\) = F(’U/\) Yua € XAa.

Cea’s lemma:

v — unll 2w vaw < C1 in;c( lw = vAll L2 v,du)

VAE XA
where C1 = ,/%.



SsGFEM

Legendre expansion of u(x,y):

uz,y) = 3w @)Lu(y) where v, = [ ()L ()duy) € V.
veF U

v —unall2@wvan) < C1 <Z ||Uv||\2/> :

vEN
Choice of A? Summability of sequence «, := ||v.||v, v € F.
Lemma 3 (Stechkin):
Let 0 < p<g<oo and assume a = (a,),cr € P(F).
If Fn is the set of indices corresponding to N largest |ay|,

() D < flallog N,
I/%f[\r

where r =

= |



Regularity

00 ||¢||L°° D
b = (b])j=17 b] = J ( )’

i=1,2,..

Amin

Theorem 4
Assume

15l 2~
Blle,ny =) ——— B < k<1,

]>1 min

Then

| N
ol < (%b) v — e, v
V.

Amin



Regularity

Theorem 5 (Sequence Summability)
For O <p<1,

o), cr € 2(F) IfF ||bllngy < 1 Ab € 2(N).

Moreover,

2(1 — J + b
n p°n

where n := (1 — [|b||pvyamin) /2 and J(n) is the smallest positive integer such
that ., |b|P < 2



Convergence rates

- semi-discretization in stochastic variable -

Focus on approximation in
L? (mean square, maximum likelihood) and L* (worst case).

Tool: Classical Legendre basis (P,)n>o0:
| Poll (=11 = Pa(1) = 1. (1)
L? normalized Legendre Sequence L,(t) = /2n + 1P,(t),

1 dt
/ L.()PY =1.
1 2

Note
Lo= Py=1.
For v € F, recall tensorized polynomials
P,(y) := ][ P,(y;) and L.(y) := ][ L., (v (2)
Jj=1 Jj=1
Note:
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e (L,),cr orthonormal basis of L?(U,duy), p = ®j21 %dyj

e every u € L>®(U,V,du) C L?(U,V,du) admits expansions
u(y) = ZUVPV(?J) — Z v Ly (y) - (3)
veF veF
These converge in L?(U,V,du) with u,,v, € V defined by
1/2

o ;:/Uu(y)L,,(y)d,u(y) and u, = ([[a+2v) | w. (@

Jj=>1

Estimates of [|u,|v,

luy||v through complex analysis. Note ||v,||lv < [|uv||v-



Uniform Ellipticity Assumption: UEA(r, R)
J0<r < R< oo such that Ve e D and Vy € U

O<r<a(z,y) <R < .

(5)



Define

As = {z € CV: 6 < R(a(x,2)) < |a(z, 2)] < 2R for every z € D} .

Polydiscs: For p = (p;);>1 sequence of radii p; > 0 define:
Uy = Q){zj € C: |z] < pj}.

=1

When @ and v, are real valued, UEA(r, R) = Vx € D and Vz € U,
0<r<R(a(x,z2)) <la(z,2)| < 2R,
p = (pj)j>1 is d-admissible iff
VreD: ) pilvi@)| < Rale)) -6
Jj=1

If p = (pj)j>1 is 6-admissible, then U, C As.

(6)

(7)

(8)

(9)



Lemma 6:
Assume UEAC(r, R) for some 0 < r < R < co. Let p = (p;j)j>1 be d-admissible

for some 0 < § < r with p; > 1 for all 5 such that v; # 0.

Then for any v € F

foolly < lually < V27 T 6o+ 12y, (10)

jZlayj#O

where ¢(t) := Q(f_tl) for ¢t > 1.



Theorem 7:
Assume

e a(x,z) satisfies UEAC(r, R) for some 0 <r < R < oo
o ([Yjlle=(py)sj=>1 € £/(N) for some p < 1,

Then

Nwvlv)ver,s  (lovllv)ver € €(F)
for the same value of p.

The Legendre expansions (@) converge in L>*(U,V):

e Sau(y) =) cn, w(@)Pu(y) = >, cp, vv(x)Lu(y) converge

lim supHu(y) Savu(y)|ly =0
N——+o0 yeU

for (An)n>1 C F any sequence of finite sets which exhausts F.

Moreover,...

(11)



1. L*° (“worst case”) convergence:

If Ay is the set of v € F corresponding to indices of N largest ||u,||y, then
holds the convergence estimate

. 1
sup [[uy) = Sn,u()llv < ICllull)llem N = L, 1=0 (12)
Y

2. L? (“maximum likelihood”) convergence:
If Ay is the set of v € F corresponding to indices of N largest ||v, ||y, then

1 1
— >
27 2

| — Savull e van < UV lleE N, r= : (13)

1
p



Legendre coefficient estimate in Lemma 6 and v-dependent §-admissible p:
fix 1 < k <2 such that

r
(v =1) ) l¥illoy < 5 (14)
j=>1
Choose Jp as smallest integer such that

(k—1)
Z |9l ~(py < wa, (15)

J7>Jo
Then define
K if 1<j< Jo,
pj =< 2+ 4|vF|||TzZ||Loc<D>’ Vj > Jo such that v; # 0, (16)
Vj > Jo such that v; =0.

Then p is 5 admissible.



Number Theory (finding Ay) - I
Problem: Theorem 7 does not give a constructive way of finding sets

AN CNC..CAyNC..CF
1. Adaptive sGFEM, or 2. A-priori selection of the Ay.

Consider 2:
given b = (b1,b2,...) >0s.t. 1 >by >bp>..>b, — 0 and ¢ > 0, define
ANe() ={veF | >t = {veF | bV<1/e}

If our bounds on coefficients ||v, ||y are sharp,
NA:(b) will contain essentially the #/N\.(b) ‘largest coefficients’

,UVHV'

Monotonicity: for any b, b € ¢°(N) as above and any &, >0
1. M.(b) := maXen{bm > €} < 00,
2. Vv € A:(b) i supp(v) C {1,2,...,M(b)},
3. > ¢ implies A=(b) C A.(b),

4. b=0bimplies A.(b) C A-(b).
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Number Theory (finding Ay) - II

Consider comparison sequences b, € {*°(N) such that
bbb, ={m 7 :m=1,2,..}, o> 0.

Note:
b<b, = VYveF: b” < b
Scaling: given ¢ > 0, € > 0, it holds

Ne(bs) = Naw(b1) = {V e Ny H m? < 51/0} .

meN

v € N\.(by) iff v € F is multiplicative partition of an integer z < ¢~ 1/°,
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Complexity (finding Ay)

Proposition 8 (R. Andreev '08)
1. A-(b,) can be localized in work and memory growing log-linearly in #Z£A-(b,).

2. As e — 0,

e2\/|Og:c 1)
Ac(by) ~ with =z =¢g1/°
#Nbo) ~ 2o S YT ree

13



Discretization in D

Smoothness in D:
W={veV:AveL?’(D)}CV.
Norms:
[ollw = [lvllv + |v|w, vlw = [[Av||Lz(p)-
Note: D convex = W = H?(D)NV.

Theorem 9
Assume f € L?(D) and a(x, z) satisfies UEAC(r,R) for 0 < r < R < oo0.

If forsome 0O<p<1

(1Yl L=(py)j=1 € #(N) and  ([|V||lL~py)j>1 € £P(N)
then
(luvllw)ver, Ulvllw)ver € 2(F) .

14



Discretization in D

(Nonadaptive(!)) Finite Element Approximation in D:
D Convex —

inf [|w— wvplly < CM~i|w|w.
v,EV,

Non-convex polyhedra D: W ¢ H?(D).
Convergence as M = dim(V},) — oo reduced to

1
inf ||w—vp|ly < C:MYwly some 0<t<=.
v €Vh d
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Discretization in D

(Nonadaptive(!)) Finite Element Approximation in D:

Theorem 10:
Assume

e FE spaces (V},)n-0 in D C RY have approximation order 0 <t < 1/d,
e a satisfies UEAC(r, R) and (||¢;llwi~(py)iZ; € P(N) some 0 <p < 1.

Then

(i) With Ay the set of indices corresponding to N largest ||t, ||y, there exist
finite element spaces V, of dimensions M,, v € Ay, such that

sup ||U(y) - Z fl/yVHV < CNc;?in{r’t}, ri=——1,
yEU vENN p

where Nyoy = 3°,cp, My and C = (Ci + [|([[to 1) Lo |t llw) lor)-
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(iil) With Ay the set of indices corresponding to N largest ||u.||y, there exist
finite element spaces V, of dimensions M,, v € Ay, such that

sup [lu(y) — > @ Py (y)llv < ONg 7™M p =2 1,
yeU VG/\N p

where Nooy = 32,ep, My and C = (Ci + [|([luv V) o) I Uluwllw) o) -

(iii) With Ay the set of indices corresponding to N largest ||v, ||y, there exist
finite element spaces V, of dimension M,, v € Ay, such that

- min{ri 1 1
||U — Z UVLVHL?(U,V,du) < CNdO;nln{r }’ po—— _

vENY

where Nyor = Y,en, My and C = (G2 + |(lou )12 )2 11 Ulvnlw) ey

Here, t,, u, and v, are V-projections of t,, u, and v,, respectively, onto V,,.



Example (R. Andreev)

D= (-1,1), Eo(z) =5+, Co(z,z') = MMzai+l o gllcp x D).

KL Eigenpairs:

. 8

- m2(2m —1)2’
Algebraic KL decay with rate 2.

Am

2

Ym(x) =sin((x + 1)/vV/2 )
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Conclusion

gpc: Transform SPDE into parametric, deterministic PDE on U =
(—=1,1)

Sparse tensor approximations of

Bl(eoo) oY — u(y7 ) eV
Stochastic Regularity = p-summability of gpc coefficients

Sparse tensorization of D and 2 Galerkin discretizations:
Dimension independent convergence rates in terms of Nyyta-

requires mixed regularity in both, D and U: if

{[ljllwr~pytj=1 € €P(N)  then  {llu,|lw v € F} € (F)
L? (mean square) and L> (worst case) convergence rates.

Adaptivity essential.
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Diffusion problems in physical dimension d = 2, with \,, ~ m~22 and
suppA C {1,...,1500} on PC (R. Andreev, M. Bieri and CS (SISC 2010))
(superior to Smolyak construction).

Sparse collocation on input adapted ‘lattices’ of points in U = (—1,1)*
(M. Bieri Dissertation (2009) and SISC (2010))

Lognormal Case (C.J. Gittelson (M3AS 2010))
Other PDEs: Heat and Wave Eqgn. (C.S. & V. Hoang 2010)

Fully Adaptive, Convergent Algorithm (Cohen, DeVore & C.S.)
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